Regular triangulations of products of lattice polytopes are constructed with the additional property that the dual graphs of the triangulations are bipartite. Special attention is paid to the cube case. Such triangulations are instrumental in deriving lower bunds for the number of real roots of certain sparse polynomial systems by recent results of Soprunova and Sottile [21] .
Introduction
A triangulation K of a m-polytope P is balanced if its 1-skeleton is colorable in the graphtheoretic sense with the minimally possible number m + 1 of colors, and a triangulation is regular if it can be lifted into m + 1 dimensions as a lower convex hull. The barycentric subdivision of any regular triangulation is an example of a triangulation which is both regular and balanced. However, such triangulations are scarce if P is a lattice polytope and if K is required to be a lattice triangulation. A regular lattice triangulation of P is convex if its vertices are all the lattice points inside P. It is known that a triangulation of a polytope (or, more generally, any simply connected manifold) is balanced if and only if its dual graph is bipartite; see [14] . From convex and balanced triangulations of lattice polytopes Soprunova and Sottile construct sparse polynomial systems with non-trivial lower bounds for the number of real roots [21] .
For generic coefficients the exact number of complex solutions of a sparse system of polynomials is known from Kushnirenko's Theorem [16] . To estimate the number of real solutions, however, is considerably more delicate. The lower bound in the approach of Soprunova and Sottile is the degree of a map on the oriented double cover of the real part Y P of the toric variety associated with the lattice polytope P, where P comes in as the common Newton polytope of the polynomials in the system. In combinatorial terms this map degree translates into the size difference of the two color classes of facets of a convex and balanced lattice triangulation K of P. More precisely, only those facets of K count in the size difference, called the signature, which have odd normalized volume. We sketch this approach in Section 6.
This paper is mainly focused on the combinatorial aspects, but an application to sparse polynomial systems is given at the end. We construct convex and balanced triangulations of products of lattice polytopes from convex and balanced triangulations of the factors. Then we apply our results to the cube C d = [0, 1] d , which is the product of d line segments. Here we find convex and balanced triangulations of C d with a large signature. Optimizing triangulations of cubes for combinatorial parameters is often difficult, and basic questions are still open: Most prominently, for the minimal number of facets in a d-cube triangulation for d > 7 only partial asymptotic results are known; see Anderson and Hughes [12] , Smith [20] , Orden and Santos [17] , and Bliss and Su [2] . It seems to be difficult to apply our results on the signature of the cube triangulations to the associated polynomial systems, but we can derive non-trivial lower bounds for the number of real solutions of sparse polyomial systems associated with other products of polytopes.
The paper is organized as follows. We start out with studying products of simplices because these naturally form the building blocks in our product triangulations. The key players here are the staircase triangulations which made their first appearences in a paper of Billera, Cushman, and Sanders [1] and a bit later in the work of Gel ′ fand, Kapranov, and Zelevinsky [9] . Then we focus on products of arbitrary simplicial complexes. These simplicial products depend on linear orderings of the vertices of the factors. We prove that the product of two balanced simplicial complexes again has a balanced triangulation. Here it is important that there are still some choices left, a fact which plays a role in the construction of the cube triangulations. Then we can prove the following Product Theorem 4.5.
Theorem. Let K and L be convex and balanced triangulations of an m-dimensional lattice polytope P ⊂ Ê m and an n-dimensional lattice polytope Q ⊂ Ê n , respectively. For color consecutive orderings vertex O K and O L the simplicial product K × stc L is a convex and balanced triangulation of the polytope P × Q with signature
where σ m,n is the signature of the staircase triangulation of the product of simplices ∆ m × ∆ n .
The paper continues with a construction of convex and balanced triangulations of C d with signature Ω((d/2)!). This lower bound partially relies on computational results obtained with TOPCOM [18] and polymake [6, 7, 8] . In the final section we investigate lower bounds for the number of real solutions of sparse polynomial systems which can be obtained from our Product Theorem. We achieve non-trivial lower bounds for a special class of convex and balanced triangulations of lattice polytopes, which we call tame. The associated polynomial systems can be analyzed because the corresponding toric varieties are particularly well behaved.
Products of Simplices
Let ∆ m = conv(0, e 1 , . . . , e m ) be the standard m-simplex, where e i denotes the i-th unit vector
The product ∆ m × ∆ n is an (m + n)-dimensional convex polytope with (m + 1)(n + 1) vertices and m + n + 2 facets. As one key feature ∆ m × ∆ n has the property that it is totally unimodular, that is, each facet of any triangulation which uses no additional vertices has normalized volume 1. As a consequence the size of an arbitrary tringulation of ∆ m × ∆ n is
We are interested in one particular triangulation of ∆ m × ∆ n , the staircase triangulation stc m,n , which can be described as follows. Consider a rectangular grid of size m + 1 by n + 1. Each node in the grid corresponds to one vertex of ∆ m × ∆ n . The facets of stc m,n , described as subsets of these nodes, correspond to the non-descending and not-returning paths from the lower left node to the upper right node. These paths, which go only right or up, but never left nor down, look like staircases, and hence the name; see Figure 1 (left).
As a staircase in a grid of size 3 × 4.
As a cell in a fine mixed subdivision of 4∆ 2 .
As a pseudo-vertex in a tropical cyclic polytope. The staircase triangulation of ∆ m × ∆ n is the same as the placing triangulation induced by the lexicographic ordering of the vertices. In particular, stc m,n is a regular triangulation.
Each such staircase can be encoded as a shuffle of "up" and "right" moves. The name "shuffle" reflects the fact that the number of "up" and "right" moves is always the same, but their order is all that matters. We write the shuffle in Figure 1 as the bit-string 01001, where 0 means "up" and 1 means "right". The staircase triangulations first occurred in Billera, Cushman, and Sanders [1] and later in Gel ′ fand, Kapranov, and Zelevinsky [9] .
is the convex hull of all 0/1-vectors in Ê d which have exactly k coordinates equal to 1. The polytope H(d, k) is (d − 1)-dimensional, and it has d k vertices and 2d facets. Proposition 2.1. The dual graph of stc m,n is a proper subgraph of the vertex-edge graph of the (m + n, m)-hypersimplex using all the nodes. In particular, it is not an induced subgraph.
Proof. We already identified facets of stc m,n with shuffles or bit-strings of length m + n with exactly m bits equal to 1. Such bit-strings naturally correspond to vertices of H(m + n, m).
Two facets of stc m,n are adjacent if and only if they differ in one vertex, that is, if and only if their corresponding shuffles differ by a shift of exactly one 1-entry. Two vertices of the hypersimplex are adjacent if and only if their symmetric difference has exactly two 1-entries. Therefore the claim. Yet another way to encode a facet F of stc m,n is to assign a vector s(F) ∈ AE m as follows. The bit-string 11 . . . 100 . . . 0 corresponds to the origin, and for an arbitrary facet F the k-th entry s(F) k measures the difference between the position of the k-th one in the bit-representation of F and k. This difference may be viewed as the number of "shifts to the right" of the k-th one, starting with the bit-string corresponding to the origin. For example, the bit-string 01001 in Figure 2 is mapped to (1, 3) . Via the map s the facets of stc m,n correspond to the integer points in the polytope
This provides us with a convenient description of the dual graph of stc m,n . Let L m be the m-dimensional cubic grid, that is, the infinite graph with node set m such that two nodes are adjacent if they differ in exactly one coordinate by one.
Proposition 2.2. The dual graph of stc m,n is the subgraph of L m induced by the node set S m,n ∩ m . In particular, this graph is bipartite.
Note that the Cayley trick establishes a one-to-one correspondence between the regular triangulations of ∆ m × ∆ n and the fine mixed subdivisions of (n + 1)∆ m ; see Santos [19] . We do not make use of this here, but we show an example in Figure 1 (center).
In a different context regular triangulations of ∆ m × ∆ n recently re-appeared as the tropical convex hulls of n + 1 points in the tropical projective space ÌÈ m ; see Develin and Sturmfels [5] .
The staircase triangulations arise as the tropical cyclic polytopes of Block and Yu [3] .
Example 2.3. The staircase triangulation stc 2,3 is dual to the tropical convex hull of the four points (0, 0, 0), (0, 1, 2), (0, 2, 4), and (0, 3, 6) in ÌÈ 2 . The facet F = 01001 with s(F) = (1, 3) from Figure 1 corresponds to the pseudo-vertex (−s(F, 2), 0, s(F, 1)) = (−3, 0, 1) = (0, 3, 4); see Figure 1 (right).
Products of Simplicial Complexes
Let K and L be two abstract simplicial complexes. Then the product space |K|×|L| is equipped with the structure of a cell complex whose cells are the products f × g, where f is a face of K and g is a face of L. This section is about the study of triangulations of |K| × |L| which refine this natural cell structure.
3.1. The Simplicial Product. Assume that dim K = m and dim L = n, and denote the vertex sets of K and L by V K and V L , respectively. We choose a linear ordering O K of V K and another linear ordering
is a partial ordering of the set
We define the simplicial product (with respect to the vertex orderings O K and O L ) of K and L as
Triangulations of products of polytopes are well-studied. In particular, triangulations similar to the simplicial product occur in Haiman [11] ; see also Lee [10, Chapter 17] for a survey. Proof. First we have to show that K × stc L is a simplicial complex, or equivalently, that K × stc L is closed under taking subsets. Let G ⊆ F be a subset of a face F ∈ K × stc L. Then G is a subset of V K × V L , and π K (G) ⊆ π K (F) ∈ K and π L (G) ⊆ π L (F) ∈ L since K and L are simplicial complexes. Finally we know that O | G is a total ordering since O | F is a total ordering.
What is left is to prove that this triangulation covers the space |K| × |L|. To this end notice that each point of |K| × |L| is contained in a cell f × g, where f ∈ K and g ∈ L. Moreover, the induced triangulation of f × g is isomorphic to a staircase triangulation, in particular, the cell f × g is covered by the triangulation.
There is a convenient way to visualize the simplicial product in the (m + 1) × (n + 1)-grid R:
We label the columns of R with the vertices of K according to the vertex order O K , and we label the rows of R with the vertices of L according to the vertex order O L . For each f ∈ K and g ∈ L let R f,g be the minor of R induced by f and g. Then we may think of the facets of the simplicial product as the collection of all ascending paths in R f,g starting bottom-left and finishing top-right. This is a direct generalization of the staircase triangulation of the product of two simplices.
The ordering of the vertices of K and L is crucial to K × stc L. Figure 4 depicts the product of the triangulated unit square with the unit interval. The three non-isomorphic orderings of the vertices of the triangulated square yield three different triangulations of the 3-cube C 3 decomposed as C 2 × I. Figure 3 . A facet defining path of the simplicial product. On the right two facets intersecting in a low dimensional face. 
Balanced Simplicial
Complexes. An m-dimensional simplicial complex K is called balanced if its 1-skeleton is (m + 1)-colorable in the graph-theoretic sense: that is, there is a map c from the vertex set V to the set
Here [k] = {0, . . . , k − 1} denotes the set of of the first k integers. Notice that there is no coloring of the vertices of K with less than m + 1 colors, since the m + 1 vertices of any m-face form a clique. If K is balanced with a connected dual graph (hence, in particular, K is pure) then the (m + 1)-coloring of K is unique up to renaming the colors. If K is pure and, additionally, certain global and local connectivity assumptions are satisfied, then K is balanced if and only if its group of projectivities is trivial. This is the case, for instance, when K is the triangulation of a manifold with boundary. Moreover, in this case, this property implies that the dual graph of K is bipartite. The converse holds for simply connected combinatorial manifolds. For these facts and related results see [14, 13] . In the following we study products of balanced simplicial complexes.
Let [k] be the vertex set of K. Assume that there is a coloring of K given by a weakly monotone map c K : [k] → [m + 1]. Then we call the natural ordering on [k] color consecutive. Any balanced complex admits (many) color consecutive orderings. Proposition 3.2. If K and L are balanced simplicial complexes with color consecutive vertex orderings then the corresponding simplicial product K × stc L is balanced.
Proof. Let the vertex sets of K and L be [k] and [l], respectively, with weakly monotone coloring maps c K :
In order to show that c is a coloring of K × stc L it suffices to check that each facet contains each color exactly once.
In what follows below it is essential that it is not necessary to have color consecutive orderings for the balanced factors in order to obtain a balanced simplicial product triangulation. Example 3.3. Let B n be the double cone over the (n − 1)-simplex. This is a balanced triangulation of the bipyramid over ∆ n−1 . The symmetric vertex ordering S n on B n starts with one of the two apices and ends with the other apex, the vertices of ∆ n−1 come in between. That is to say, we take [n + 2] as the vertex set of B n , where 0 and n + 1 are the apices, and a coloring map s n : [n + 2] → [n + 1] : w → w mod(n + 1). Because of the symmetry properties of B n the precise ordering of the vertices 1, 2, . . . , n does not matter. Likewise it is not necessary to distinguish the two apices.
Proposition 3.4. Let K be a balanced simplicial complex with a color consecutive ordering O K . Then the simplicial product K × stc B n with respect to O K and S n is balanced.
Proof. We use almost the same coloring scheme as in Proposition 3.2. Let [k] be the vertex set of K, and let c K : [k] → [m + 1] be a weakly monotone coloring map. We define
This, indeed, is a coloring since there is no facet of K × stc B n containing both vertices (0, 0) and (k − 1, n + 1).
We refer to Figure 4 for the three different simplicial products of an interval with a square arising from the two color consecutive and the symmetric vertex ordering of the square (which is a bipyramid over an interval).
Regular Triangulations of Polytopes.
Let P be an m-dimensional convex polytope in Ê m , and let K be a triangulation of P with vertex set V. The triangulation K is regular if there is a convex function λ : Ê m → Ê such that K coinicides with the polyhedral subdivision of P induced by the lower convex hull of the set (v, λ(v)) ∈ Ê m+1 v ∈ V . In this case λ is called a lifting function for K. For example, if V is in general position, then the Delaunay triangulation of V is regular with lifting function x → ||x|| 2 .
Choose points p 1 , p 2 , . . . , p n in P such that conv{p 1 , . . . , p n } = P. This implies that the vertices of P occur among the chosen points. Then the placing triangulation of P with respect to the chosen points in the given ordering is the regular triangulation of P with vertex set {p 1 , . . . , p n } and a lifting function λ such that (p k , λ(p k )) is above all affine hyperplanes spanned by points in the set {(p 1 , λ(p 1 )), . . . , (p k−1 , λ(p k−1 ))}. Let λ K : Ê m → Ê and λ L : Ê n → Ê be lifting functions of K and L. We will construct a lifting function λ : Ê m+n → Ê of K × stc L in two steps. First consider the map
which is a lifting function for the polytopal complex K ×L. In the second step λ 0 has to perturbed such that it induces a staircase triangulation on each cell of K × L. To this end recall that the staircase triangulations are placing, and the lexicographic ordering O on V K × V L induces a placing order on each product of simplices f × g where f ∈ K and g ∈ L. Now define λ as an ǫ-perturbation of λ 0 by a lifting function corresponding to O.
Since O is a linear extension of the product ordering O K × O L this lifting function λ induces the simplicial product triangulation K × stc L of P × Q.
Triangulations of Lattice Polytopes
Let P be an m-dimensional lattice polytope; that is, we assume that its vertex coordinates are integral. Since the determinant of an integral matrix is an integer it follows that that the normalized volume ν(P) = m! vol(P) is an integer, where vol(P) is the ususal m-dimensional volume of P. A lattice simplex is called even or odd depending on the parity of its normalized volume. A regular triangulation of a lattice polytope P with lifting function λ is convex if it uses all lattice points inside P, that is, its vertex set is P ∩ m . Since we want to stress that such a triangulation only depends on P and λ we denote this triangulation by P λ .
Let P λ be a convex and balanced lattice triangulation of P. Recall that P λ is balanced if and only if its dual graph is bipartite. Usually we refer to the two color classes as "black" and "white", respecitively. Then the signature σ(P λ ) of P λ is defined as the absolute value of the difference of the odd black and the odd white facets in P λ . Note that the even facets are not accounted for in any way. Moreover, in the important special case where P λ is unimodular, that is, where all the facets have a normalized volume equal to 1, all facets are odd. For examples of unimodular triangulations of the 3-cube with signatures equal to 0 and 2 see Figure 4 ; note that all triangulations of the 3-cube without additional vertices are regular. 2) we can read off that Γ * (stc m,n ) is bipartite and extract a recursive formula for the signature of stc m,n . Remember that stc m,n is unimodular, hence σ m,0 = σ 0,n = 1 and
A careful inspection of the four cases arising from the two choices each for the parities of m and n gives the last equation. This recursion then yields the explicit formula for σ m,n given by Stanley [22] . Observe that ∆ m × ∆ n is the order polytope of the product poset of a path of length m + 1 and a path of length n + 1. The staircase triangulation stc m,n coincides with the canonical triangulation; see Soprunova and Sottile [21, Section 4] . Throughout the rest of the section let P ⊂ Ê m and Q ⊂ Ê n be an m-and n-dimensional lattice polytopes, respectively. Further we assume that there are balanced and convex triangulations P λ and Q µ . Suppose now that we have linear orderings O P and O Q of the vertex sets V P = P ∩ m and V Q = Q ∩ n such that the corresponding simplicial product P λ × stc Q µ is again balanced. Note that such orderings always exist due to Proposition 3.2. By Proposition 3.5 P λ × stc Q µ is convex.
The rest of this section is devoted to computing the signature of P λ × stc Q µ . The dual graph Γ * of the cell complex P λ × Q µ is the product of the duals graphs of P λ and Q µ . Further the dual graph of the simplicial product P λ × stc Q µ arises from Γ * by replacing each node by a copy of Γ * (stc m,n ) in a suitable way.
Recall that only odd simplices contribute to the signature. Since the staircase triangulation is unimodular for each facet F of stc( f × g) we have ν(F) = ν( f )ν(g). Therefore, we have
where ǫ( f, g) = ±1 and ν(h) = ν(h) mod 2 denotes the parity of the normalized volume of h. So it remains to determine the sign ǫ( f, g). This only depends on the vertex orderings O P and O Q . As a point of reference inside stc( f × g) we choose the facet F 0 ( f, g) corresponding to the origin in the notation of Proposition 2.1; this corresponds to the staircase F 0 = 11 . . . 100 . . . 0 which first goes all the way to the right and then all the way up in Figure 1 . To determine the sign ǫ( f, g) amounts to determine the color of the facet F 0 ( f, g) in P λ × stc Q µ .
We first consider the case where L is the triangulation B n of the bipyramid over the (n − 1)-simplex from Example 3.3. While this seems to cover a very special case only, the result is instrumental in the proof of our Product Theorem 4.5 below and for the construction of triangulations of the d-cube with non-trivial signature in Section 5. Here ω ∈ {0, 1, 2} counts the number of odd simplices in B n .
One can show that for other vertex orderings of B n the simplicial product P λ × stc B n is not balanced. In this sense the three cases listed exhaust all the possibilities.
Proof. It is a consequence of Propositions 3.2 and 3.5 that P λ × stc Q µ is balanced and convex.
Let g and g ′ be the two facets of B n , and let us think of P λ × B n as the union of two copies of P λ × ∆ n , which we denote as P λ × g and P λ × g ′ . Further let f ∈ P λ be an arbitrary but fixed facet.
In all three cases we get a contribution of ǫ( f, g) σ(P λ ) σ m,n to σ(P λ × stc B n ) if g is odd, and similarly a contribution of ǫ( f, g ′ ) σ(P λ ) σ m,n to σ(P λ × stc B n ) if g ′ is odd. It remains to compare ǫ( f, g) and ǫ( f, g ′ ), which depends on the vertex ordering of B n : We have ǫ( f, g) = −ǫ( f, g ′ ) if and only if F 0 ( f, g) and F 0 ( f, g ′ ) are colored differently which in turn holds if and only if the distance between F 0 ( f, g) and F 0 ( f, g ′ ) in Γ * (P λ × stc B n ) is odd.
Since Γ * (P λ × stc B n ) is bipartite, each path from F 0 ( f, g) to F 0 ( f, g ′ ) has the same parity, and we may choose any path to determine the parity of the distance. LetF 0 ( f, g) ∈ stc( f × g) and F 0 ( f, g ′ ) ∈ stc( f × g ′ ) be neighboring facets. Then the distance between F 0 ( f, g) and F 0 ( f, g ′ ) is odd if and only if the distance between F 0 ( f, g) andF 0 ( f, g) has the same parity as the distance between F 0 ( f, g ′ ) andF 0 ( f, g ′ ) (keep in mind that the distance betweenF 0 ( f, g) andF 0 ( f, g ′ ) is 1). Figure 6 . Distance of the facets of reference F 0 ( f, g) and F 0 ( f, g ′ ) in Γ * (P λ × stc B n ) for color consecutive orderings of B n , the triangulation of the biparymid from Example 3.3. The facetsF 0 ( f, g) andF 0 ( f, g) and their intersection is shaded. In the casse on the left the two apices v, v ′ occur somewhere in the middle or at the beginning of the vertex ordering of B n , in the case on the right at the end. Figure 7 . Distance of the facets of reference F 0 ( f, g) and F 0 ( f, g ′ ) in Γ * (P λ × stc B n ) for the symmetric ordering of the vertices of B n . The facetsF 0 ( f, g) andF 0 ( f, g) and their intersection is shaded.
We first consider the case where the vertex ordering of B n is color consecutive. Let c be the color of the unique vertex v ∈ g \ g ′ (which is the same as the color of the unique vertex v ′ ∈ g ′ \ g). All columns in the lattice grid defining P λ × stc B n corresponding to vertices colored c are consecutive and hence v and v ′ follow one after another in the vertex ordering of B n . We distinguish the two cases where v and v ′ appear somewhere in the middle or at the beginning of the vertex ordering B n and where v and v ′ appear at the end of the vertex ordering; see Figure 6 . In the first case we have F 0 ( f, g) =F 0 ( f, g) and F 0 ( f, g ′ ) =F 0 ( f, g ′ ) and the distance between F 0 ( f, g) and F 0 ( f, g ′ ) is 1. In the second case the distance between F 0 ( f, g) andF 0 ( f, g) equals the distance between F 0 ( f, g ′ ) andF 0 ( f, g ′ ). Therefore we obtain ǫ( f, g) = −ǫ( f, g ′ ) in the color consecutive case.
In the second and third case the vertex ordering on B n is symmetric. We have F 0 ( f, g) =F 0 ( f, g) and the distance of For color consecutive orderings vertex O P and O Q the simplicial product P λ × stc Q µ is a convex and balanced triangulation of the polytope P × Q with signature σ(P λ × stc Q µ ) = σ m,n σ(P λ ) σ(Q µ ).
Proof. Again, by Propositions 3.2 and 3.5, P λ × stc Q µ is balanced and convex.
Let f, f ′ ∈ P λ and g, g ′ ∈ Q µ be facets such that f × f ′ and g×g ′ are neighboring facets of P λ ×Q µ . We may assume that f = f ′ and g ∩ g ′ is a ridge. By Theorem 4.4 we have ǫ( f, g) = −ǫ( f, g ′ ) and we may label the dual graph Γ * of P λ × Q µ with ǫ( f, g) according to its bipartition by assigning a "+1" to each black node and a "−1" to each white node.
We may think of Γ * as a copy of Γ * (P λ ) for each node of Γ * (Q µ ). Each copy of Γ * (P λ ) may be 2-colored using the bipartition of Γ * (P λ ), but we must use the inverse coloring for a copy of Γ * (P λ ) if the corresponding node of Γ * (Q µ ) is colored black. Therefore a node f × g of Γ * will be labeled "+1" if and only if the facets f ∈ P λ and g ∈ Q µ are colored the same, and using Equation 1 we have
Cubes
We define the signature of a lattice polytope P, denoted as σ(P), as the maximum of the signatures of all convex and balanced triangulations of P. The signature is undefined if P does not admit any such triangulation as in Example 4.1. However, here we are concerned with cubes, which do have convex and balanced triangulations: This is an immediate consequence of the Product Theorem 4.5 since C d = [0, 1] d = I × · · · × I can be triangulated as the d-fold simplicial product I × stc . . . × stc I with zero signature.
Since C d does not contain any non-vertex lattice points, a triangulation of C d is convex if and only it is regular. Note that C d does have non-regular triangulations for d ≥ 4; see De Loera [4] .
Regular and Balanced Triangulations with Large
Signature. Since the simplicial product of unimodular triangulations is again unimodular it follows that each d-fold simplicial product I × stc . . . × stc I has d! facets, which is the maximum that can be obtained for the dcube without introducing new vertices. On the other hand the minimal number of facets in a triangulation of C d is known only for d ≤ 7; see Anderson and Hughes [12] . The best currently known upper and lower bounds are due to Smith [20] , Orden and Santos [17] , and Bliss and Su [2] . Rambau's program TOPCOM allows to enumerate all triangulations of C d for d ≤ 4 [18] . This allows to obtain the following result.
Proposition 5.1. We have σ(C 1 ) = 1, σ(C 2 ) = 0, σ(C 3 ) = 4, and σ(C 4 ) = 2.
The cases of C 1 = I and C 2 are trivial. The unique (regular and) balanced triangulation of C 3 with the maximal signature 4 is the unique minimal triangulation; it has one (black) facet of normalized volume 2 and four (white) facets of normalized volume 1.
There is one further ingredient which relies on an explicit construction, a triangulation of C 6 with non trivial signature. We will give more details on our experiments in Section 5.2 below. Proposition 5.2. We have σ(C 6 ) ≥ 4.
Theorem 5.3. The signature of C d for d ≥ 3 is bounded from below by
Proof. Let us start with the case d odd. Then we factorize C d as C 3 × C 2 × · · · × C 2 . Here for C 3 we choose the regular and balanced triangulation with signature 4 from Proposition 5.1 with a color consecutive vertex ordering. For C 2 there is only one triangulation to choose, but we take the symmetric ordering of the vertices; see Example 3.3. The third case of Theorem 4.4 inductively gives
for d ≥ 5 odd. We obtain the claimed result
If d ≡ 0 mod 4 then we inductively prove that σ(C d ) ≥ 
In the remaining case where d ≡ 2 mod 4 we construct C d as a simplicial product of C d−6 and C 6 . The signature of C d−6 is bounded from below by (d − 6)/2! as we just proved. By the explicit construction in Proposition 5.2 the signature C 6 is at least 4. Lemma 4.3 yields σ d−6,6 = d 2 3 , and Theorem 4.5 completes the proof:
Constructions and Computer Experiments.
We completely enumerated all triangulations of C 4 up to symmetry using TOPCOM [18] . These 247,451 triangulations were then checked whether they are balanced by polymake [6, 7, 8] ; it turns out that their total number is 454. For all the balanced ones we computed the signature, and we found two triangulations with signature 2, both of which turn out to be regular. The regularity was verified by the explicit construction of lifting functions. Among the 454 balanced triangulations there are 34 triangulations with signature 1, all other balanced triangulations of C 4 have a vanishing signature.
Example 5.4. We now give an explicit description of a regular and balanced triangulation C λ 4 of the 4-cube with signature two. To this end we encode the vertices of C 4 , that is, the 0/1vectors of length 4 as the hexadecimal digits 0, 1, . . . , 9, a, b, c, d , e, f . The lifting function λ and the balanced vertex coloring is given in Table 1 . The facets of C λ 4 are listed in Table 2 , and the f -vector reads (16, 64, 107, 81, 23) . Table 1 . The balanced vertex coloring c and a lifting function λ for C λ 4 described in Example 5.4. The vertices of the first facet 01248 are chosen as the colors. 01248  12358  12458  13589  2378b  23578  24578  24678  2678e  278be  28abe  35789  3789b  4578c  4678c  5789d  578cd  678ce  789bd  78bcd  78bce 7bce f 7bcd f While, with current computers, it seems to be out of reach to completely enumerate all triangulations of most polytopes in dimension 5 and beyond, TOPCOM can still be used to enumerate large numbers of triangulations. We let TOPCOM compute altogether 59,083 different triangulations which originate from randomly chosen placing triangulations by successive flipping. Not a single triangulation among these was balanced. Next we took the triangulation of C 5 with signature 16 that comes from Theorem 5.3 and we inspected 102,184 triangulations by random flipping. This way we found only two more balanced triangulations, one with signature 14 and a second one with signature 16.
For C 6 the situation was more complicated. None of our results so far directly yields any balanced triangulation with a positive signature: All the simplicial product triangulations of C 6 arising from decompsing C 6 as a product of two (or more) cubes of smaller dimensions do not yield a non-trivial lower bound since at least one factor vanishes in the corresponding expressions in Theorems 4.4 and 4.5. And, as can expected from the 5-dimensional case, TOPCOM did not find a balanced triangulation with a positive signature either. Therefore we took a detour in that we used TOPCOM to study triangulations of the 4-simplex and the square. This time we were lucky to find a balanced triangulation with signature 2, which also turned out out to be regular.
In the sequel we denote this regular and balanced triangulation of ∆ 4 × C 2 with signature 2 by S , and let C λ 4 be the regular and balanced triangulation of C 4 with signature 2 from Proposition 5.1. Then the product C 6 = C 4 × C 2 inherits a polytopal subdivision into facets of type ∆ 4 × C 2 from C λ 4 . Each of these facets can now be triangulated using S in such a way that one obtains a regular and balanced triangulation of C 6 with signature 4. Its f -vector equals (64, 656, 2640, 5298, 5676, 3115, 690) . This establishes Proposition 5.2.
Lower Bounds for the Number of Real Roots of Polynomial Systems
The main effort of this paper is dedicated to triangulating products of lattice polytopes such that the triangulations obtained have a large signature. These triangulations are interesting since they yield non-trivial lower bounds for the number of real roots of associated polynomial systems, provided that a number of additional geometric conditions are met. To discuss these issues we first review the construction of Soprunova and Sottile [21] . 
where t = (t 1 , . . . , t m ) and t v = t v 1 1 . . . t v m m . Choosing a real number a i for each color i ∈ [m + 1] defines a Wronski polynomial F P λ ,s (t) = a 0 F P λ ,0,s (t) + a 1 F P λ ,1,s (t) + . . . + a m F P λ ,m,s (t) ∈ Ê[t 1 , . . . , t m ], for fixed s ∈ (0, 1]. A Wronski system associated with P λ is a sparse system of m Wronski polynomials which is generic in the sense that it attains Kushnirenko's bound [16] , that is, it has exactly ν(P) distinct complex solutions.
Let M = |P ∩ m | denote the number of integer points in P and let È M−1 be the complex projective space with coordinates {x v | v ∈ P ∩ m }. The toric projective variety X P ⊂ È M−1 parameterized by the monomials {t v | v ∈ P ∩ d } is given by the closure of the image of the map
where [t v 1 , . . . , t v m ] is a point in È M−1 written in homogeneous coordinates. Via ϕ a Wronski system on ( × ) m corresponds to a system of m linear equations on the toric variety X P ⊂ È M−1 .
Let Y P = X P ∩ ÊÈ M−1 be the real points of the variety X P . For s ∈ (0, 1] the toric degeneration s.Y P is a homotopy between Y P = 1.Y P and 0.Y P , which is defined as the initial variety in(Y P ); for the details see [21, Section 3] . A Wronski polynomial corresponds to the image of s.Y P under the linear Wronski projection
with center
The toric degeneration meets the center of the projection π E if there are s ∈ (0, 1] and t ∈ Ê d such that
that the i-th row of the matrix A is the unique inward pointing primitive normal vector of the i-th facet of P. This way, up to a re-ordering of the facets, A and b are uniquely determined. Denote by Λ A the lattice spanned by the columns of A. Suppose that the lattice spanned by P ∩ d has odd index in d and that Λ A has odd index in its saturation Λ A ⊗ É, that is, A has a maximal minorÃ with detÃ odd. If these two parity conditions are satisfied and if, additionally, there is a vector v with only odd entries in the integer column span of (A, b) then Soprunova and Sottile call the double cover Y + P Cox-oriented. Theorem 6.1 (Soprunova & Sottile [21] ). Let P λ be a convex and balanced triangulation of the non-negative lattice m-polytope P ⊂ Ê m ≥0 induced by the lifting function λ such that Y + P is Cox-oriented. Suppose that there is a number s 0 ∈ (0, 1] such that the toric degeneration s.Y P does not meet the center of the Wronski projection π E for all s ∈ (0, s 0 ] and all t ∈ Ê m . Then for all s ∈ (0, s 0 ] the number of real solutions of any associated Wronski system in Ê[t 1 , . . . , t m ] is bounded from below by the signature σ(P λ ).
We call the convex and balanced triangulation P λ nice for the value s 0 if all the conditions of Theorem 6.1 are satisfied. Proof. There are three parity conditions to satisfy. The lattice spanned by P × Q ∩ m+n has odd index since the determinant function is multiplicative.
be the primitive integral facet descriptions of P and Q. Then the primitive integral facet description of P × Q is given by
IfÃ is a maximal minor of A with detÃ odd andD is a maximal minor of D with detD odd, then
is a minor with odd determinant.
Let v be a vector in the integer column span of (A, b) with only odd entries and similarly let w be a vector in the integer column span of (C, d) with only odd entries. Then the vector (v, 0) + (0, w) is a vector in the integer column span of the matrix defined by Equation 2 with only odd entries.
The question under which conditions the toric degeneration s.Y P×Q meets the center of the Wronski projection π P λ × stc Q µ is much harder to answer, and so we will restrict our attention to a few special cases. Let c P λ : P ∩ m → [m + 1] and c Q µ : Q ∩ n → [n + 1] be the coloring maps of the vertices of P λ and Q µ , respectively. We assume c P λ and c Q µ to be color consecutive as defined in Proposition 3.2, and that a vertex (v, w) of P λ × stc Q µ is colored k = c P λ (v) + c Q µ (w). Hence for s ∈ (0, 1] the coefficient polynomial of P λ × stc Q µ for k has the form Let P λ be a convex and balanced triangulation of a lattice m-polytope P ⊂ Ê m ≥0 and assume that Y + P is Cox-oriented. Then we call P λ tame for the value s 0 ∈ (0, 1] if there is a color i ∈ [m+1]
such that the coefficient polynomial F P λ ,i,s (t) is non-zero for all s ∈ (0, s 0 ] and all t ∈ Ê m . Proposition 6.3. A convex and balanced triangulation P λ which is tame for s 0 is also nice for s 0 .
Proof. The double cover Y + P is Cox-oriented by definition. And the toric degeneration s.Y P does not meet the center of the Wronski projection π E for s ∈ (0, s 0 ] since F P λ ,i,s (t) 0 for all s ∈ (0, s 0 ] and all t ∈ Ê m . Example 6.4. The unique convex triangulation of the line segment [k, l], where 0 ≤ k < l, is tame for s 0 = 1 if and only if k = 0. We have σ([0, l]) ∈ {0, 1} depending on l being even or odd. This is a sharp lower bound for the number of real roots in the one-dimensional case. Example 6.5. The staircase triangulation of ∆ m × ∆ n is tame for s 0 = 1. Example 6.6. Let P λ be a convex and balanced triangulation of a lattice polytope P ⊂ Ê m ≥0 , and let Y + P be Cox-oriented. The cone 0 * P λ of the triangulation P λ (embedded into Ê m+1 via the map (v 1 , . . . , v m ) → (1, v 1 , . . . , v m )) with apex 0 ∈ Ê m+1 is tame for s 0 = 1. The signature of 0 * P λ equals the signature of P λ . Theorem 6.7. Let P ⊂ Ê m ≥0 and Q ⊂ Ê n ≥0 be non-negative full-dimensional lattice polytopes with convex and balanced lattice triangulations P λ and Q λ which are tame for some value s 0 ∈ (0, 1]. Then there are color consecutive orderings of the vertices of P λ and Q µ and a lifting function ω : (P × Q) ∩ m+n → Ê such that (P λ × stc Q µ ) ω is tame for s 0 . Moreover, the number of real solutions of any Wronski polynomial system associated with (P λ × stc Q µ ) ω is bounded from below by σ (P λ × stc Q µ ) ω = σ m,n σ(P λ ) σ(Q µ ).
Proof. We choose color consecutive orderings of the vertices of P λ and Q µ such that the polynomials F P λ ,0 and F Q µ ,0 are non-zero. The lexicographic ordering of the vertices of P λ × stc Q µ from Proposition 3.5 induces a lexicographic placing order O of the vertices on each cell f × g of the polytopal complex P λ × Q µ , for f ∈ P λ and g ∈ Q µ . Let stc( f × g) be the staircase triangulation induced on f × g by the placing order O and let v ∈ f and w ∈ g be vertices colored 0. Then (v, w) is the unique vertex of stc ( 
One More Remark and an Acknowledgment
Triangulations of the rectangular grid G k,l = [0, k] × [0, l] are an interesting subject; see, for instance, Kaibel and Ziegler [15] and the references there. Note that each convex triangulation of the grid is necessarily unimodular. The converse does not hold. But even without the assumption of regularity we do not know of a single balanced triangulation of G with a positive signature.
Question 7.1. For which parameters k and l, if any, does the rectangular grid G k,l admit a unimodular and balanced triangulation with a positive signature?
We are grateful to Thorsten Theobald for stimulating discussions.
